It has been an active research issue for many years to construct new bent functions. For k odd with gcd(n, k) = 1 and a ∈ F * 3 n , the function f (x) = T r n 1 (ax ((3 k +1)/2) ) is weakly regular bent over F 3 n , where T r n 1 (·) is the trace function from F 3 n to F 3 . This is the well-known Coulter-Matthews bent function. In this paper, we determine the dual function of f (x) completely. As a consequence, we find many classes of ternary bent functions not reported in the literature previously. Such bent functions are not quadratic if k > 1 and have 1(mod n) . Among them, five special cases are especially interesting: 1) for the case of k = n − 1, the number of trace terms is (((1 + √ 5)/2) n − ((1 − √ 5)/2) n )/ √ 5; 2) for the case of k = (n + 1)/2, the number of trace terms is (((1 + √ 5)/2) n−1 − ((1 − √ 5)/2) n−1 )/ √ 5; 3) for the case of k = (n − 1)/2, the number of trace terms is (((1 + √ 5)/2) n−1 − ((1 − √ 5)/2) n−1 )/ √ 5; 4) for the case of (n, k) = (5t + 4, 4t + 3) or (5t + 1, 4t + 1) with t ≥ 1,  the number of trace terms is 8; and 5) for the case of  (n, k) = (7t + 6, 6t + 5) or (7t + 1, 6t + 1) with t ≥ 1, the number of trace terms is 21. As a byproduct, we find new classes of ternary bent functions with only 8 or 21 trace terms.
I. INTRODUCTION
B OOLEAN bent functions have the maximum nonlinearity, i.e., the maximum Hamming distance to the set of all affine functions. Since Dillon [4] and Rothaus [28] introduced Boolean bent functions firstly, these functions have found many applications in cryptography, coding theory and communications [6] , [12] . The reader is referred to [26] for more history and deep presentation and study of bent functions (as well as their variations). Bent functions have been an active research issue for around 40 years. In 1985, the concept of Boolean bent functions was generalized to the case of functions over integer residue rings by Kumar et al. [21] . Generalized bent functions are naturally much more complicated than Boolean bent functions. There are some known constructions over finite fields [3] , [8] - [11] , [14] , [16] - [18] , [20] , [22] , [24] , [29] .
Let p be a prime number and n ≥ 1. Let F p n be the finite field with p n elements. Suppose that f (x) is a function from F p n to F p . Then the Walsh transform of f (x) is defined by
where T r n 1 (·) is the trace function from F p n to F p , λ ∈ F p n , and ω p = e 2πi/ p . The inverse Walsh transform of f (x) is defined by
If | f (λ)| 2 = p n for any λ ∈ F p n , then f (x) is called a generalized bent function over F p n . In this case, we also call f (x) a p-ary bent function. If there exists a function g(x) from F p n to F p and a complex number u with |u| = 1 such that f (λ) = up n 2 ω g(λ) p for any λ ∈ F p n , then f (x) is weakly regular bent, and g(x) is the dual function of f (x). In this case, g(x) is also weakly regular bent. Actually, there are only four cases for the constant u: ±1, ±i [9] . In particular, if u = 1, i.e., f (λ) = p n 2 ω g(λ) p for any λ ∈ F p n , then f (x) is regular bent. In this case, g(x) is also regular bent.
For the case of ternary bent functions, there are some known constructions [2] , [3] , [9] , [11] , [16] - [18] , [20] , [22] , [24] , [29] . The Coulter-Matthews bent functions are especially interesting because they are so simple and beautiful. Let d = (3 k + 1)/2 with k odd and gcd(n, k) = 1. In 1997, for any a ∈ F * 3 n , Coulter and Matthews showed that T r(ax d ) is bent over F 3 n [2] , [3] . This is the well-known Coulter-Matthews bent function. In 2006, Helleseth and Kholosha proposed two conjectures [9] : 1) the Coulter-Matthews bent functions are weakly regular bent; 2) another construction of monomial bent functions over F 3 n , i.e., T r n 1 (ax 3 n −1 4 +3 m +1 ), where n = 2m with m odd, a = ξ (3 m +1)/4 , and ξ is a primitive element in F 3 n . In 2007, Feng and Luo [5] investigated one class of exponential sums associated with the 0018-9448 © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. [14] proved two special cases in 2008, and Helleseth et al. [8] completely solved it in 2009. For the second conjecture, the first part was proved in 2009 [8] , and the second part was proved in 2012 [7] . Moreover, the dual function was also found in [7] with the help of certain deep tools in algebraic number theory. In 2017, following the idea in [7] with new observation, Hu et al. investigated the dual function of the Coulter-Matthews bent functions, and dug out a universal formula [16] . For two special cases, they found the dual function explicitly which yielded two classes of ternary bent functions not reported in the literature previously. Generally, it is not an easy task to determine the exact value of an exponential sum over finite fields. Hence, given a bent function, it is in general not easy to determine its dual function exactly. All known results about p-ary bent functions for which we are able to compute their dual functions are listed in Table I. In Table I , F * p n is the set of nonzero elements in F p n , and ξ is a primitive element in F p n . Moreover, for any a ∈ F * p n , ind(a) is the integer 0 ≤ t < p n − 1 satisfying a = ξ t .
In this paper, using a new combinatorial technique, for all cases of k and n, we find a surprisingly explicit expression for the dual function of the Coulter-Matthews bent functions. In particular, in some special cases, this expression can be improved further. Consequently, we find many classes of √ 5; 4) for the case of (n, k) = (5t + 4, 4t + 3) or (5t + 1, 4t + 1) with t ≥ 1, the number of trace terms is 8; 5) for the case of (n, k) = (7t + 6, 6t + 5) or (7t + 1, 6t + 1) with t ≥ 1, the number of trace terms is 21. As a consequence, we find new classes of ternary bent functions with only 8 or 21 trace terms. In order to verify our new findings, eight examples are also shown. This paper is organized as follows. Section II lists some necessary notation and background. In Section III, we investigate the general case, and give an explicit expression for all cases. Section IV considers some special cases in detail, and shows more specific expressions. Finally, Section V concludes this paper.
II. PRELIMINARIES

A. Cyclotomic Cosets Modulo 3 n − 1
For any 0 ≤ s < 3 n − 1, let n s be the smallest positive integer such that s ≡ s3 n s (mod 3 n − 1). It is known that n s |n. Then the cyclotomic coset C s modulo 3 n − 1 is defined to be the set
For simplicity, we may assume that s is the smallest integer in C s . Then s is called the coset leader of C s in this case. For example, for n = 2, the cyclotomic cosets modulo 8 are:
Hence, {0, 1, 2, 4, 5} are coset leaders modulo 8.
Proposition 1 (Trace Representation [6] ): Any nonzero function f (x) from F 3 n to F 3 can be represented as
is the set consisting of all coset leaders modulo 3 n − 1, n k |n is the size of the coset C k , and T r n k 1 (x) is the trace function from F 3 n k to F 3 .
B. The Ternary Modular Add-With-Carry Algorithm
Moreover, for j < 0 or j ≥ 3 n , wt( j ) and σ ( j ) are used to denote wt( j) and σ ( j) respectively, where 0 ≤ j < 3 n − 1 and j ≡ j(mod 3 n − 1).
For three integers 0 ≤ r, s, t < 3 n − 1 satisfying t ≡ r + s(mod 3 n − 1), let r = n−1 i=0 r i 3 i , s = n−1 i=0 s i 3 i , and t = n−1 i=0 t i 3 i , where 0 ≤ r i , s i , t i < 3 for any 0 ≤ i < n. It is known that there is a unique integer sequence − → c = c 0 , c 1 , . . . , c n−1 with c i ∈ {0, 1} for any 0 ≤ i < n such that
where all subscripts take the value modulo n. From now on, for any i , the value i modulo n means the integer i satisfying 0 ≤ i < n and i ≡ i (mod n). Let wt( − → c ) = c 0 + c 1 + . . . + c n−1 . Then it follows that
Proposition 2 [16] : With notation as above, wt(r ) + wt(s) = wt(r + s) if and only if r i + s i ≤ 2 for 0 ≤ i ≤ n − 1, and there exists j with 0 ≤ j ≤ n − 1 such that r j + s j < 2. In particular, 2wt(r ) = wt(2r ) if and only if r i = 2 for 0 ≤ i ≤ n − 1, and r = 3 n −1 2 . Proposition 3 [16] : With notation as above, wt(r ) + wt(s) = wt(r + s) + 2 if and only if there exists j with 0 ≤ j ≤ n − 1 such that r j + s j ≥ 3 and r j +1 + s j +1 ≤ 1, and for 0 ≤ i ≤ n − 1 with i = j, j + 1, r i + s i ≤ 2. In particular, 2wt(r ) = wt(2r ) + 2 if and only if there exists j with 0 ≤ j ≤ n − 1 such that r j = 2 and r j +1 = 0, and for 0 ≤ i ≤ n − 1 with i = j, j + 1, r i ≤ 1.
C. The Dual of the Coulter-Matthews Bent Functions
Using Stickelberger's theorem and the Teichmüller character, a universal formula for the dual of the Coulter-Matthews bent functions has been dug out in [16] . Note that Stickelberger's theorem has also played a significant role in the proof of some important conjectures and results [1] , [13] , [15] , [25] .
Henceforth, let d = (3 k + 1)/2 with k odd and gcd(n, k) = 1, and η be the quadratic character of F 3 n [23] .
Theorem 1 [16] : For any a ∈ F * 3 n and λ ∈ F 3 n ,
where a/λ d = 0 if λ = 0. For the case of n = 3t+2 and k = 2t+1 with t ≥ 1, we have the following explicit expression for the dual function.
Theorem 2 [16] : For any a ∈ F * 3 n and λ ∈ F 3 n ,
.
For the case of n = 3t + 1 and k = 2t + 1 with t ≥ 1, we have another explicit expression for the dual function.
Theorem 3 [16] : For any a ∈ F * 3 n and λ ∈ F 3 n ,
III. THE GENERAL CASE
For any 0 ≤ j < 3 n − 1 with ternary representation n−1 i=0 j i 3 i , i.e., j i ∈ {0, 1, 2} for 0 ≤ i < n, we write j in the form of j n−1 j n−2 · · · j 1 j 0 for simplicity. Moreover, for any j , let j be the residue of j modulo 3 n − 1, i.e., 0 ≤ j < 3 n − 1 and j ≡ j(mod 3 n − 1). If j = 0, then − j = n−1 i=0 (2 − j i )3 i , where j = j n−1 j n−2 · · · j 1 j 0 .
Proposition 4 [16] : For any 0 < j < 3 n − 1, wt( j ) + wt(− jd) = n + 1 if and only if one of the following two conditions holds: 1) wt( j ) + wt(3 k j ) = wt((3 k + 1) j ) and 2wt(− jd) = wt(−(3 k + 1) j ) + 2;
2) wt( j ) + wt(3 k j ) = wt((3 k + 1) j ) + 2 and 2wt(− jd) = wt(−(3 k + 1) j ).
Let S 0 and S 1 be defined by (1) and (2), respectively. Then, by Proposition 4, we have S 0 ∩ S 1 = φ and
(1)
A. The Set S 0 Firstly, we have two lemmas from [16] . Lemma 1 [16] :
then there exists 0 ≤ a < n such that h a = h a+1 = 1, and for any i = a, a + 1, h i = 0 or 2. Besides, if a = 0, then u = ( h 2 + 3 n −1 2 )(mod 3 n − 1). Lemma 2 [16] :
From now on, let w be the integer satisfying 0 < w < n and wk ≡ 1(mod n),
Proof: Let j n−1 j n−2 · · · j 1 j 0 be the ternary representation of j . Because j ∈ S 0 , by Proposition 2, we have
It is a contradiction. Therefore, ( j 0 , j 1 ) = (0, 0).
For the case of ( j 1 , j 0 ) = (1, 1). The proof is similar. So we omit the details.
Consequently, there are only two possible cases for ( j 1 , j 0 ): (1, 0) or (0, 1).
In the following, we have two lemmas regarding the ternary representation of j ∈ S 0 .
Lemma 4:
. Similar to the proof of Lemma 3, we get that j −ik = 1 for 1 ≤ i ≤ n−w, which means that j ik = 1 for w ≤ i ≤ n−1.
By Lemma 1, h 1−k = 0 or 2. On the other hand, h 1−k = j 1−k + j 1−2k = j 1−2k . Hence, j 1−2k = 0 or 2. Now we consider h 1−2k . By Lemma 1, h 1−2k = 0 or 2. On the other hand,
The proof is similar to that of Lemma 4. So we omit the details.
In order to study the ternary representation of j ∈ S 0 further, we need another lemma.
Proof: By Lemma 3, there are two possible cases of ( j 1 , j 0 ): (1, 0) or (0, 1). We need to show that only one case is correct.
1) Let |A∩{n−k, n−k+1, · · · , n−1}| be even.
By Lemmas 1 and 2, it is a contradiction. Hence, ( j 1 , j 0 ) = (1, 0).
2) Let |A∩{n −k, n −k +1, · · · , n −1}| be odd. If ( j 1 , j 0 ) = (1, 0), then j ik = 1 for w ≤ i ≤ n − 1, and j ik ∈ {0, 2} for 0 ≤ i ≤ w − 1 by Lemma 5. By Lemma 6, it follows that
By Lemmas 1 and 2, it is also a contradiction. Hence, ( j 1 , j 0 ) = (0, 1).
In order to study the cardinality of S 0 , the number of a class of special sequences is necessary for the investigation. Let
Lemma 8: With notation as above,
Lemma 9:
Let C j be the coset containing j . Then C j ⊂ S 0 , and |C j | = n.
Proof:
and
and no consecutive 2's in { j ik } n−2 i=w+1 }.
By Lemma 8, we know that
By Lemmas 4, 5, 7, 8, and 9, we obtain the following theorem.
Theorem 4: With notation as above, if |A ∩ {n − k, n − k + 1, · · · , n − 1}| is even, then S 0 = j ∈U 0 C j , and |S 0 | = n
Example 1: Let n = 8, and k = 7. Then w = 7, and |A ∩ {n − k, n − k + 1, · · · , n − 1}| = 6. By Theorem 4, S 0 = j ∈U 0 C j , and |S 0 | = 104. By computer program, one may check that U 0 ={00000010, 00002010, 00020010, 00200010, 00202010, 02000010, 02002010, 02020010, 20000010, 20002010, 20020010, 20200010, 20202010}. Example 2: Let n = 9, and k = 7. Then w = 4, and |A ∩ {n − k, n − k + 1, · · · , n − 1}| = 3. By Theorem 4, S 0 = j ∈U 1 C j , and |S 0 | = 45. By computer program, one may check that U 1 ={010101001, 010121001, 012101001, 210101001, 210121001}.
B. The Set S 1
Firstly, we have one lemma from [16] . Lemma 10 [16] : For any 0 < j < 3 n − 1, let h = h n−1 h n−2 · · · h 1 h 0 = (3 k + 1) j, and u = jd. If wt( j ) + wt(− jd) = n+1 and wt( j )+wt(3 k j ) = wt((3 k +1) j )+2, then h i = 0 or 2 for any 0 ≤ i < n, and there exists 0 ≤ a < n such that { j a , j −k+a } = {1, 2} and { j a+1 , j −k+a+1 } = {0, 1}, where j n−1 j n−2 · · · j 1 j 0 is the ternary representation of j . Besides, if a = 0, then u = ( h 2 + 3 n −1 2 )(mod 3 n − 1). Lemma 11: For any 0 < j < 3 n − 1, let j = j n−1 j n−2 · · · · · · j 1 j 0 . Suppose that j ∈ S 1 . If { j 0 , j −k } = {1, 2} and { j 1 , j −k+1 } = {0, 1}, then there are two possible cases for ( j 1 , j 0 ): (1, 2) or (0, 1).
Proof: Let h = h n−1 h n−2 · · · h 1 h 0 = (3 k + 1) j. Because j ∈ S 1 , by Lemma 10, we have h i = 0 or 2 for any 0 ≤ i < n. Moreover, because j 0 + j −k = 3, by Proposition 3,
Suppose that ( j 1 , j 0 ) = (1, 1). Then ( j 1−k , j −k ) = (0, 2). Let us consider h k = j k + j 0 = j k + 1. Because h i ∈ {0, 2} and j k + j 0 ≤ 2, we get j k = 1. Similarly, j ik = 1 for 2 ≤ i ≤ w − 1. However, j (w−1)k = j 1−k = 0. It is a contradiction. Hence, ( j 1 , j 0 ) = (1, 1).
Suppose that ( j 1 , j 0 ) = (0, 2). Then ( j 1−k , j −k ) = (1, 1). Similarly, we have j ik = 1 for 0 ≤ i ≤ w − 1. However, j 0 = 2. It is a contradiction. Hence, ( j 1 , j 0 ) = (0, 2).
Consequently, there are only two possible cases for ( j 1 , j 0 ): (1, 2) or (0, 1).
Lemma 12: For any 0 < j < 3 n − 1, let j = j n−1 j n−2 · · · · · · j 1 j 0 . Suppose that j ∈ S 1 , { j 0 , j −k } = {1, 2}, and
Similar to the proof of Lemma 11, we have h i = 0 or 2 for any 0 ≤ i < n, and j i + j i−k ≤ 2 for 1 < i < n.
If ( j 1 , j 0 ) = (1, 2), then ( j 1−k , j −k ) = (0, 1). Similar to the proof of Lemma 11, we get that j ik = 1 for w ≤ i ≤ n − 1.
Note that h k = j k + j 0 = j k + 2. On the other hand, h k = 0 or 2, and j k + j 0 ≤ 2. Hence, j k = 0. Let us consider h 2k . Since h 2k = j 2k + j k = j 2k , we know that j 2k = 0 or 2. Similarly, if j 2k = 0, then j 3k = 0 or 2; otherwise, j 3k = 0. The same result holds for j ik with 4 ≤ i ≤ w − 2. Hence, j ik = 0 or 2 for 2 ≤ i ≤ w − 2, and there is no consecutive 2's in the sequence { j ik } w−2 i=2 .
Lemma 13: For any 0 < j < 3 n − 1, let j = j n−1 j n−2 · · · · · · j 1 j 0 . Suppose that j ∈ S 1 , { j 0 , j −k } = {1, 2}, and { j 1 , j −k+1 } = {0, 1}. If ( j 1 , j 0 ) = (0, 1), then j ik = 1 for 0 ≤ i ≤ w − 1, j ik = 0 for i ∈ {w, n − 2}, j ik = 0 or 2 for w + 1 ≤ i ≤ n − 3, and j ik = 2 for i = n − 1. Moreover, there is no consecutive 2's in the sequence { j ik } n−3 i=w+1 of length n − w − 3.
Proof: The proof is similar to that of Lemma 12. So we omit the details.
Lemma 14: For any 0 < j < 3 n − 1, let j = j n−1 j n−2 · · · · · · j 1 j 0 . Suppose that j ∈ S 1 , { j 0 , j −k } = {1, 2}, and { j 1 , j −k+1 } = {0, 1}. If |A ∩ {n − k, n − k + 1, · · · , n − 1}| is even, then ( j 1 , j 0 ) = (1, 2); otherwise, ( j 1 , j 0 ) = (0, 1).
Proof: The proof is similar to that of Lemma 7. So we omit the details.
Lemma 15: For any 0 < j < 3 n − 1, let j = j n−1 j n−2 · · · · · · j 1 j 0 . Suppose that j ∈ S 1 , { j 0 , j −k } = {1, 2}, and { j 1 , j −k+1 } = {0, 1}. Let C j be the coset containing j . Then C j ⊂ S 1 , and |C j | = n.
Proof: One may check that C j ⊂ S 1 . Suppose that |C j | = m < n. Because j ∈ S 1 and j 0 + j −k = 3, by Proposition 3,
By
By Lemmas 8, 12, 13, 14 , and 15, we obtain the following theorem.
Theorem 5: With notation as above, if |A ∩ {n − k, n − k + 1, · · · , n − 1}| is even, then S 1 = j ∈V 0 C j , and |S 1 | = n
Example 3: Let n = 8, and k = 7. Then w = 7, and |A ∩ {n − k, n − k + 1, · · · , n − 1}| = 6. By Theorem 5, S 1 = j ∈V 0 C j , and |S 1 | = 64. By computer program, one may check that V 0 ={00000012, 00002012, 00020012, 00200012, 00202012, 02000012, 02002012, 02020012}. Example 4: Let n = 9, and k = 7. Then w = 4, and |A ∩ {n − k, n − k + 1, · · · , n − 1}| = 3. By Theorem 5, S 1 = j ∈V 1 C j , and |S 1 | = 27. By computer program, one may check that V 1 = {010101201, 012101201, 210101201}.
C. The Value of σ ( j)σ (− jd) for Any j ∈ S 0 S 1
For any 0 < j < 3 n − 1, let N 2 ( j ) denote the number of 2's in the ternary representation of j . Then σ ( j ) = 2 N 2 ( j ) . In order to study σ ( j )σ (− jd), we have two lemmas listed below.
Lemma 16:
where C j is the coset containing j , we only need to consider the case of j ∈ U 0 or j ∈ U 1 .
Suppose that j ∈ U 0 . Let h = h n−1 h n−2 · · · h 1 h 0 = (3 k + 1) j, and u = u n−1 u n−2 · · · u 1 u 0 = jd. Then h 1 = h 0 = 1, and h i = 0 or 2 for 1 < i < n. By Lemma 1, u = ( h 2 + 3 n −1 2 )(mod 3 n − 1). Therefore, for 1 < i < n,
For the case of j ∈ U 1 , the proof is the same. So we omit the details.
where C j is the coset containing j , we only need to consider the case of j ∈ V 0 or j ∈ V 1 .
Suppose that j ∈ V 0 . Let h = h n−1 h n−2 · · · h 1 h 0 = (3 k + 1) j, and u = u n−1 u n−2 · · · u 1 u 0 = jd. Then h i = 0 or 2 for 0 ≤ i < n. By Lemma 1, u = ( h 2 + 3 n −1 2 )(mod 3 n − 1). Therefore,
It follows that v i = 0 or 1 for 0 ≤ i < n. Thus, we have σ (− jd) = σ (v) = 1.
For the case of j ∈ V 1 , the proof is the same. So we omit the details.
The following theorem is the main result of this section. Theorem 6: Let g(x) be the dual function of the Coulter-Matthews bent function T r(ax d ), where a ∈ F * 3 n . On the trace representation of g(x), there are two cases as follows.
1) If |A ∩ {n − k, n − k + 1, · · · , n − 1}| is even, then
where x − j d = 0 if x = 0, U 0 is defined by (3), and V 0 is defined by (5) . Besides, there are
/ √ 5 trace terms.
2) If |A ∩ {n − k, n − k + 1, · · · , n − 1}| is odd, then defined by (4) , and V 1 is defined by (6) . Besides, there are
Proof: By Theorem 1 and Proposition 4, we have
By Lemmas 16 and 17, it holds that
1) If |A∩{n−k, n−k+1, · · · , n−1}| is even, by Theorems 4 and 5, it follows that
There
2) If |A∩{n−k, n−k +1, · · · , n−1}| is odd, by Theorems 4 and 5, it follows that
There are |U 1 | + |V 1 | = V 0 = {00000012, 00002012, 00020012, 00200012, 00202012, 02000012, 02002012, 02020012}. By Theorem 6, for any a ∈ F * 3 8 , the dual function g(x) of the Coulter-Matthews bent function T r(ax 1094 ) over F 3 8 is given by
Totally, there are 21 trace terms. Example 6: Let n = 9, and k = 7. Then d = 1094, w = 4, and |A ∩ {n − k, n − k + 1, · · · , n − 1}| = 3. By Examples 2 and 4, U 1 = {010101001, 010121001, 012101001, 210101001, 210121001}, and V 1 = {010101201, 012101201, 210101201}. By Theorem 6, for any a ∈ F * 3 9 , the dual function g(x) of the Coulter-Matthews bent function T r(ax 1094 ) over F 3 9 is given by
Totally, there are 8 trace terms. Theorem 7: With notation as in Theorem 6, the algebraic
is bigger than 2.
Proof: 1) If |A∩{n−k, n−k+1, · · · , n−1}| is even, by Theorem 6, the algebraic degree of g(x) is equal to
By (3) and (5), min j ∈U 0
If w + 1 = 2, then w = 1, which means that k = 1. Therefore, in this case, the algebraic degree of g(x) is bigger than 2 if k > 1.
2) If |A∩{n −k, n −k +1, · · · , n −1}| is odd, by Theorem 6, the algebraic degree of g(x) is equal to
By (4) and (6), min j ∈U 1
then w = n − 1, which means that k = n − 1. However, if k = n − 1, then |A ∩ {n − k, n − k + 1, · · · , n − 1}| = k − 1. It follows that |A ∩ {n − k, n − k + 1, · · · , n − 1}| is even, and we get a contradiction. Therefore, in this case, the algebraic degree of g(x) is also bigger than 2.
IV. SOME SPECIAL CASES
In this section, we investigate some special cases further, and obtain more specific trace representations. In particular, we find new classes of bent functions with only 8 or 21 trace terms.
A. The Case of k|n + 1 and k > 1 Lemma 18: If k|n + 1 and k > 1, then w = (n + 1)/k. Moreover, we have |A ∩ {n − k, n − k + 1, · · · , n − 1}| = 1.
Proof: Let x = (n + 1)/k. Then 0 < x < n, and xk ≡ 1(mod n). Hence, w = x. As a consequence,
It follows that A ∩ {n − k, n − k + 1, · · · , n − 1} = {n − k + 1}, which means that |A ∩ {n − k, n − k + 1, · · · , n − 1}| = 1. Theorem 8: Let g(x) be the dual function of the Coulter-Matthews bent function T r(ax d ), where a ∈ F * 3 n . If k|n + 1 and k > 1, then (4), and V 1 is defined by (6) . Besides, there are ⎛
trace terms. Proof: By Lemma 18, w = (n + 1)/k, and |A ∩ {n − k, n − k + 1, · · · , n − 1}| is odd. By Theorem 6, the result follows.
Remark 1: With notation as in Theorem 8, the following case is especially interesting: if k = (n + 1)/2, then there are
Example 7: Let n = 9, and k = 5. Then k = (n + 1)/2, and d = 122. By (4), U 1 ={000100001, 000100201, 000 102001, 000102201, 002100001, 002102001, 020100001, 022100001, 200100001, 200100201, 202100001, 220100001, 222100001} , and by (6) , V 1 = {000120001, 000120201, 000 122001, 000122201, 002120001, 002122001, 020120001, 0221 20001}. By Theorem 8, for any a ∈ F * 3 9 , the dual function g(x) of the Coulter-Matthews bent function T r(ax 122 ) over F 3 9 is given by
Totally, there are 21 trace terms.
B. The Case of k|n − 1 and k > 1
Lemma 19: If k|n − 1 and k > 1, then w = n − (n − 1)/k. Moreover, we have |A ∩{n − k, n − k + 1, · · · , n − 1}| = k − 1.
Proof: Let x = (n − 1)/k. Then 0 < x < n, and xk ≡ −1(mod n). Hence, w = n − x. Let us consider B = {wk, (w + 1)k, · · · , (n − 2)k, (n − 1)k}(mod n)
Therefore, B ∩ {n − k, n − k + 1, · · · , n − 1} = {n − k}. By Lemma 6, it follows that
Theorem 9: Let g(x) be the dual function of the Coulter-Matthews bent function T r(ax d ), where a ∈ F * 3 n . If k|n − 1 and k > 1, then
, and V 0 is defined by (5) . Besides, there are ⎛ ⎝ 1 + √ 5 2 Theorem 9, the dual function g(x) of the Coulter-Matthews bent function T r(ax 122 ) over F 3 11 is given by
Totally, there are 55 trace terms.
C. The Case of (n − k)|n + 1 and 1 < k < n − 1 Lemma 20: If (n − k)|n + 1 and 1 < k < n − 1, then w = n − (n + 1)/(n − k). Moreover, we have |A ∩ {n − k, n − k + 1, · · · , n − 1}| = k − (k + 1)/(n − k).
Proof: Let x = (n + 1)/(n − k). Then 0 < x < n, and xk ≡ −1(mod n). Hence, w = n − x. Let us consider B = {wk, (w + 1)k, (w + 1)k, · · · , (n − 1)k}(mod n)
Let y = (k + 1)/(n − k), where · is the floor function. Then, we get B ∩ {n − k, n − k + 1, · · · , n − 1} = {n + 1 − (n − k), n + 1 − 2(n − k), · · · · · · , n + 1 − y(n − k)}.
By Lemma 6, it follows that |A ∩ {n − k, n − k + 1, · · · , n − 1}| = k − |B ∩ {n − k, n − k + 1, · · · , n − 1}| = k − (k + 1)/(n − k).
Theorem 10: Let g(x) be the dual function of the Coulter-Matthews bent function T r(ax d ), where a ∈ F * 3 n . Suppose that (n − k)|n + 1 and 1 < k < n − 1.
1) If (k + 1)/(n − k) is odd, then
, and V 0 is defined by (5) . Besides, there are ⎛
2) If (k + 1)/(n − k) is even, then (4), and V 1 is defined by (6) . Besides, there are ⎛
Proof: By Lemma 20, w = n − (n + 1)/(n − k), and |A ∩ {n − k, n − k + 1, · · · , n − 1}| = k − (k + 1)/(n − k). By Theorem 6, the result follows. Corollary 1: With notation as in Theorem 10, let n = mt + m − 1 and k = (m − 1)t + m − 2, where m ≥ 3 and t ≥ 1.
1) If m is even and t is odd, then
where x − j d = 0 if x = 0, and there are
2) If m is odd, then
Proof: One may check that gcd(n, k) = 1, and (n − k)|n + 1. Moreover, k is odd if and only if m is odd, or m is even and t is odd. In addition, (k + 1)/(n − k) = m − 1. By Theorem 10, the result follows. Hence, we find a new class of bent functions with 21 terms.
D. The Case of (n − k)|n − 1 and 1 < k < n − 1 Lemma 21: If (n − k)|n − 1 and 1 < k < n − 1, then w = (n − 1)/(n − k). Moreover, we have |A ∩ {n − k, n − k + 1, · · · , n − 1}| = k/(n − k).
Proof: Let x = (n − 1)/(n − k). Then 0 < x < n, and xk ≡ 1(mod n). Hence, w = x. As a consequence,
Let y = k/(n − k). Then
Therefore, we get |A ∩ {n − k, n − k + 1, · · · , n − 1}| = k/(n − k). Proof: By Lemma 21, w = (n − 1)/(n − k), and |A ∩ {n − k, n − k + 1, · · · , n − 1}| = k/(n − k). By Theorem 6, the result follows. Corollary 2: With notation as in Theorem 11, let n = mt + 1 and k = (m − 1)t + 1, where m ≥ 3 and t ≥ 1.
1) If m is odd, then
2) If m is even and t is even, then
Proof: One may check that gcd(n, k) = 1, and (n − k)|n − 1. Moreover, k is odd if and only if m is odd, or m is even and t is even. In addition, k/(n − k) = m − 1. By Theorem 10, the result follows. Remark 4: With notation as in Corollary 2, similar to the case of Corollary 1, the following three cases are especially interesting. 1) If m = 3, then there are 3 trace terms. Actually, this is just the case of Theorem 3. 2) If m = 5, then there are 8 trace terms. Hence, compared with Corollary 1, we find another class of bent functions with 8 terms. 3) If m = 7, then there are 21 trace terms. Hence, compared with Corollary 1, we find another class of bent functions with 21 terms.
V. CONCLUDING REMARKS
Using a new combinatorial technique developed in this paper, we find an explicit expression for the dual function of the Coulter-Matthews bent functions for all cases of k and n. In particular, for some special cases, this general expression can be improved further. As a consequence, we find many classes of ternary bent functions which have not been reported in the literature previously. Among them, new classes of ternary bent functions with only 8 or 21 trace terms have been dug out, which are especially interesting. These new findings can be applied to the correlation distribution of the Coulter-Matthews decimation directly [27] , which means that we could obtain the correlation values exactly. There is one problem left in this paper: to determine the value of |A∩{n−k, n−k+1, · · · , n−1}| for any n and k with k odd and gcd(n, k) = 1, where A = {0, k, 2k, · · · , (w − 1)k}(mod n) and wk ≡ 1(mod n) with 0 < w < n. This is a pretty interesting problem. In this paper, we have investigated four special cases in detail. A neat formula for all cases is desirable.
